Introduction
One of the most interesting questions in the theory of functional analysis concerning the Ulam stability problem of functional equations is as follows: when is it true that a mapping satisfying a functional equation approximately must be close to an exact solution of the given functional equation?
The first stability problem was raised by S.M. Ulam [21] during his talk at the University of Wisconsin in 1940. We are given a group G and a metric group G with metric ρ(·,·). Given > 0, does there exist a δ > 0 such that if f : G → G satisfies ρ( f (xy), f (x) f (y)) < δ for all x, y ∈ G, then a homomorphism h : G → G exists with ρ( f (x), h(x)) < for all x ∈ G? For very general functional equations, the concept of stability for functional equations arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. Thus the stability question of functional equations is that how do the solutions of the inequality differ from those of the given functional equation? If the answer is affirmative, we would say that the equation is stable.
In 1941, D.H. Hyers [9] considered the case of approximately additive mappings f : E → E , where E and E are Banach spaces and f satisfies Hyers inequality
for all x, y ∈ E. It was shown that the limit L(x) = lim n→∞ f (2 n x) 2 n exists for all x ∈ E and that L : E → E is the unique additive mapping satisfying ✩ This work was supported by the second Brain Korea 21 Project in 2006.
.
And then T. Aoki [1] , D.G. Bourgin [3] considered the stability problem with unbounded Cauchy differences. In 1978, Th.M. Rassias [17] provided a generalization of Hyers' theorem by proving the existence of unique linear mappings near approximate additive mappings. It was shown by Z. Gajda [4] , as well as by Th.M. Rassias and P. Šemrl [18] that one cannot prove a stability theorem of the additive equation for a specific function. P. Gǎvruta [6] obtained generalized result of Th.M. Rassias' theorem which allows the Cauchy difference to be controlled by a general unbounded function. In 1987 Z. Gajda and R. Ger [5] showed that one can get analogous stability results for subadditive multifunctions. In 1978 P.M. Gruber [8] remarked that Ulam's problem is of particular interest in probability theory and in the case of functional equations of different types. We wish to note that stability properties of different functional equations can have applications to unrelated fields. For instance, Zhou [22] used a stability property of the functional equation
prove a conjecture of Z. Ditzian about the relationship between the smoothness of a mapping and the degree of its approximation by the associated Bernstein polynomials. These stability results can be applied in stochastic analysis [11] , financial and actuarial mathematics, as well as in psychology and sociology.
J.M. Rassias [14] [15] [16] established the Hyers-Ulam stability of linear and nonlinear mappings. In 1999 P. Gǎvruta [7] answered a question of J.M. Rassias [13] concerning the stability of the Cauchy equation. We note that a mapping f satisfying the following Jensen equation 2 f (
We consider some basic concepts concerning quasi-β-normed spaces and some preliminary results. We fix a real number β with 0 < β 1 and let K denote either R or C. Let X be a linear space over K. A quasi-β-norm · is a real-valued function on X satisfying the following:
(1) x 0 for all x ∈ X and x = 0 if and only if
for all x, y ∈ X . In this case, a quasi-β-Banach space is called a (β, p)-Banach space. We can refer to [2, 19] for the concept of quasi-normed spaces and p-Banach spaces.
Given a p-norm, the formula d(x, y) := x − y p gives us a translation invariant metric on X . By the Aoki-Rolewicz theorem [19] (see also [2] ), each quasi-norm is equivalent to some p-norm. Since it is much easier to work with p-norms than quasi-norms, henceforth we restrict our attention mainly to p-norms. In [20] , J. Tabor has investigated a version of the Hyers-Rassias-Gajda theorem (see [4, 17] ) in quasi-Banach spaces.
Now we consider a mapping g : X → Y satisfying the following functional equation, which is introduced by the first author,
for all x i ∈ X , where n ∈ N is a fixed integer with n 2. We observe that in case n = 2 Eq. 
General additive mappings
First, we introduce the following lemma due to A. Najati and A. Ranjbari [12] with n = 3 in (1.1). 
if and only if f is additive.
It is noted that the following equation with 
for all x 1 , . . . , x n ∈ X if and only if f is an additive function.
for all x, y ∈ X. For y = 0 it follows from (2.
3) may be rewritten to the
for all x, y ∈ X. For y = −x in (2.4) we get f (−x) = − f (x) for all x ∈ X. By virtue of (2.2) we also obtain
for all x, y, z ∈ X. Putting here z = −x − y and using properties f (0) = 0, f (2x) = 2 f (x) and f (−x) = − f (x), we infer that f is an additive function. The converse implication is obvious. 2
Stability of general additive equations
We recall that a subadditive function is a function φ : A → B, having a domain A and a codomain (B, ) that are both closed under addition, with the following property:
Now we say that a function φ : A → B is contractively subadditive if there exists a constant L with 0 < L < 1 such that
Then φ satisfies the following properties φ(2x) 2Lφ(x) and so φ(2 n x) (2L) n φ(x). It follows by the contractively subadditive condition of φ that φ(λx) λLφ(x), and so φ λ
for all x ∈ A and all positive integer λ 2. Similarly, we say that a function φ : A → B is expansively superadditive if there exists a constant L with 0 < L < 1 such
Then φ satisfies the following properties φ(x) L 2 φ(2x) and so φ(
We observe that an expansively superadditive mapping φ satisfies the following properties φ(λx) λ L φ(x) and so φ(
for all x ∈ A and all positive integer λ 2.
From now on, we assume that X is a linear space over K and Y is a (β, p)-Banach space with p-norm · Y without any specific reference. Let K be the modulus of concavity of · Y . Now we are going to investigate the modified Hyers-Ulam stability of the functional equation (1.1). For notational convenience, given a mapping f : X → Y and a scalar μ ∈ K, we define the difference operator D μ f :
for all n-variables x 1 , . . . , x n ∈ X (n 3) which acts as a perturbation of Eq. (1.1). 
for all x ∈ X, where λ := n − 1. Substituting x 1 , . . . , x n := x in the functional inequality (3.1), we obtain
Proof.
for all x ∈ X. Therefore it follows from (3.3) with λ i x in place of x and iterative method that
for all x ∈ X and for any m > l 0. Thus it follows that a sequence {
λ m } is Cauchy in Y and so it converges. Therefore we see that a mapping g : X → Y defined by
is well defined for all x ∈ X. In addition it is clear from (3.1) that the following inequality
holds for all x 1 , . . . , x n ∈ X and so the mapping g is additive. Taking the limit m → ∞ in (3.4) with l = 0, we find that the mapping g is additive mapping satisfying the inequality (3.2) near the approximate mapping f : X → Y of Eq. (1.1).
To prove the afore-mentioned uniqueness, we assume now that there is another additive mapping T : X → Y which satisfies Eq. (1.1) and the inequality (3.2). Then it follows easily that by setting x i := x for all i = 1, . . . ,n in (1.1) we get
for all x ∈ X and all m ∈ N. Thus one proves by the last equality and (3.2) that
for all x ∈ X and all m ∈ N. Therefore from m → ∞, one establishes
for all x ∈ X, completing the proof of uniqueness. 2 
for all x ∈ X, where λ := n − 1.
Proof. It follows from (3.3) with
x λ i in place of x and iterative method that
for all x ∈ X and for any m > l 0. Therefore we see that a mapping g : X → Y defined by
is well defined for all x ∈ X. Taking the limit m → ∞ in (3.7) with l = 0, we find that the mapping g is an additive mapping satisfying the inequality (3.2) near the approximate mapping f : X → Y of Eq. (1.1).
The remaining assertion goes through by the similar way to corresponding part of Theorem 3.1. 2
Next, we are going to establish another theorem about the stability of Eq. (1.1).
Theorem 3.3.
Assume that a mapping f : X → Y satisfies 
for all x ∈ X.
Proof. It follows from (3.3) with λ i x in place of x and iterative method that
for all x ∈ X and for any m > 1, which is considered to be (3.3) for m = 1. In fact, we see by computation
for all x ∈ X, which proves the inequality is well defined for all x ∈ X. The remaining assertion goes through by the similar way to corresponding part of Theorem 3.3. 2
We obtain the following corollaries concerning the stability for approximate additive mappings in terms of a product of powers of norms.
